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QUASICONFORMAL EXTENSION OF MEROMORPHIC 
FUNCTIONS WITH NONZERO POLE 

B. BHOWMIK * *, G. SATPATI, AND T. SUGAWA 


Abstract. In this note, we consider meromorphic univalent functions f{z) in 
the unit disc with a simple pole at 2 : = p S (0,1) which have a fc-quasiconformal 
extension to the extended complex plane C, where 0 < k < 1. We denote the class 
of such functions by Efc(p). We first prove an area theorem for functions in this 
class. Next, we derive a sufficient condition for meromorphic functions in the unit 
disc with a simple pole at z = p G (0,1) to belong to the class Efc(p). Finally, we 
give a convolution property for functions in the class Efc(p). 


1. Introduction 

Let C denote the complex plane and C denote the extended complex plane C U 
{cx)}. We shall use the following notations: D = { 2 ; : | 2 ;| < 1}, D = {z : | 2 ;| < 1}, 
D* = {^ : \z\ > 1}, D* = {^ : \z\ > 1}. Let / be a meromorphic and univalent 
function in the unit disk D with a simple pole at z = p E [0,1) of residue 1. Since 
f{z) — l/{z — p) is analytic in \z\ < 1, one has an expression of the form 

- 00 

(1.1) f{z) = - 

z — p 

in \z\ < 1. We denote the class of such functions by E(p). Let E°(p) be the subclass 
of E(p) consisting of those functions / for which oq = 0 in the above expansion. 
Note that ii f,g E are related hj g = M o f for a Mobius transformation M, 

then f = g. 

For a given number 0 < fc < 1, Sfc(p) stands for the class of those functions 
in S(p) which admit fc-quasiconformal extension to the extended plane C. Here, 
a mapping F : C ^ C is called fc-quasiconformal if F is a homeomorphism and 
has locally L^-derivatives on C \ {F“^(oo)} (in the sense of distribution) satisfying 
\dF\ < k\dF\ a.e., where dF = dF/dz and dF = dF/dz. Note that such an F 
is called F-quasiconformal more often, where K = {1 + k)/{I — k) > 1, in the 
literature. The quantity p = dF/dF is called the complex dilatation of F See the 
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standard textbook |S] by Lehto and Virtanen for basic properties of qnasiconformal 
mappings. Set S°(p) = S°(p) fl Efc(p). 

O. Lehto [5] refined the Bieberbach-Gronwall area theorem to the fnnctions in 
Sfc(O) in the following form. 

Theorem A. Let 0 < k < 1. Suppose that f{z) = z~^ + Oq + aiz + a 2 z‘^ + ... is a 
function in Sfc(O). Then 

OO 

n=l 

Here, equality holds if and only if 

f{z) = - + Oq + ttiZ, |;2| < 1, 
z 

with |ai| = k. Moreover, its k-quasiconformal extension is given by setting 

f{z) = - + ao + — for | 2 ;| > 1. 

2 ; 2 ; 


On the other hand, the area theorem was extended by P. N. Chichra [T] to fnnc¬ 
tions in S(p) as follows. 


Theorem B. Let / G S(p) have the expansion in fll.ip . Then 

00 ^ 

( 1 - 2 ) ^n\an\^< — 

n=l 

Equality holds for the function 


(l-p2y 


^ \ ^ 
fp{z) — - -- -|- ao -l- 


z — p 


1 — p 


2 ■ 


Onr hrst resnlt establishes an area theorem for the class Sfc(p). Interestingly, the 
form of extremal fnnctions is different from that of the fnnction fp in Theorem B. 


Theorem 1. Let 0 < k < 1 and 0 < p < 1. Suppose that f G Sfc(p) is expressed in 
the form of fll.ip . Then 


(1.3) 


00 

'^n\an\‘^ < 

n=l 


(l_p2)2- 


Here, equality holds if and only if f is of the form 

(1.4) f{z) = + ao + for\z\<l, 

z — p 1 — pz 

where ao and ai are constants with |ai| = k. Moreover, a k-quasiconformal extension 
of this f is given by setting 

(1.5) f[z) = — - hao-F^^ for\z\>l. 

z — p z — p 
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Observe that this is a natural extension of Theorem A. We remark that the 
function in fll.4p belongs to E(p) as long as |ai| < 1 (see the latter part of the 
proof of Theorem [T] below). This function with | ai | = 1 provides another extremal 
case in (O. As an immediate corollary of the theorem, we obtain the following. 

Corollary 1. Let 0 < p < 1 and 0 < k < 1. For f G Sfc(p) with the expansion 
(nil, the following inequality holds: 

, , k 


Note that the inequality |ai| < 1/(1—for/ G S(p) is sharp in view of Theorem 
B. We have no exact value of the best upper bound, say, M(p, k) of |ai| for / G Sfc(p). 
The extremal function in Theorem [T] and compactness of the class S°(p) yield, at 
least, the estimates k < M{p, k) < k/{l — p^) for p^k E (0,1). 

Secondly, we provide a sufficient condition for functions of the form fll.ip to belong 
to the class Sfc(p). 


Theorem 2. Let 0 < A; < 1 and 0 < p < 1. Suppose that u is an analytic function 
in D such that |ci;'(z)| < k{l +p)~^ for z G Then the function f given by 

f{z) =—^+u{z), 1^1 < 1, 

z — p 

is a member o/Sfc(p). A k-quasiconformal extension is given by setting 

(1.6) f{z) = ^^ + u{l/z), for\z\>l. 

z p 

We note that J. G. Krzyz |2] proved this theorem when p = 0. He also gave a 
convolution theorem in the same paper [2]. We can also extend it to a modified 
convolution. The modihed Hadamard product (or the modified convolution) f -k g 
of two functions f,g E S(p) with expansions 


UU -| LXJ 

(1.7) f{z) = -h Onz"' and g{z) = -h bnz"', z eB) 

z — p z — p 

^ n=0 ^ n=0 

is dehned by 

- OO 

(1.8) [f-kg)(z) = - h'^anbnZ'^, ^ G D. 

z — p 

Our third result concerns this Hadamard product. 


Theorem 3. Let f E Sfcj(p) and g E Sfc 2 (p) for some ki,k 2 ,p E [0,1). If a = 
^ 1 ^ 2(1 — p)~^ < 1, then the modified Hadamard product f -k g belongs to Sq,(p). 

As we mentioned above, this result reduces to a theorem due to Krzyz j2] when 

p = 0. 

We prove Theorem [T] in Section 2 and Theorems [2] and [3] in Section 3. We also 
give another proof of a part of Theorem [1] as a concluding remark in Section 3. 
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2. Proof of Theorem [U 

We start the section with proving the area theorem for fnnctions in the class 
Sfc(p)- We follow the idea due to Lehto |3]. 

Proof of Theorem [21 Let / G Tfc(p) have the expansion in fll.ip . We may suppose 
that / is already extended to a h-quasiconformal mapping of C onto itself. If h = 0, 
then the assertion clearly holds. Hence, we assume that h > 0 in the rest of the 
proof. To start with, we hrst make a change of variables. We dehne 0 : C —)■ C by 
0(C) = /(1/C)- Note that 0 has locally T^-derivatives on C\{0 “^(cxd)} = C\{l/p}. 
Since the function 0(C) = 0(C) “ C/(l ~ PC) has the expression 


( 2 . 1 ) 


i-iO = 4>(Q - 


oo 



ICI>1, 


and, in particular, is bounded and analytic near the point ( = 1/p, the function 0 
has locally T^-derivatives on C. Therefore for every r > 0, we can apply the Cauchy- 
Pompeiu formula (see 0 HI §7] for details) to the function 0 in the disk |C| < r to 
obtain 


/’(C) 



0(w) 

w-C 



w-C 


dudv, 


where w = u + iv. We note that 0(C) —)■ oq as C —t cxd and 90(C) = 0 for |C| > 1. 
Letting r —)■ +cxo, we thus get 


( 2 . 2 ) 


V'(C) = “0 





d'lpiw) 

w-C 


dudv, 


CgC. 


We differentiate the above expression with respect to C and obtain 

(2.3) 90(C) = -^ Jj = hf[90](C), C e C, 


where H is the two dimensional Hilbert transformation. (Strictly speaking, the 
above integral should be understood as Cauchy’s principal value for |C| < 1. See [5l 
HI §7] for details.) Since 77 is a linear isometry of T^(C), in conjunction with fl2.3p . 
we have 


(2.4) 


jjdid-V 

D 


jj iHldmfdid,^ 

c 


Jj \did{C)\‘^ dCdri, 

c 


where C = C + ^h- Next, we recall that Chichra indeed showed the following relation 
in the proof of Theorem B: 


1 


OO 

^ ^ 77.| Cl^ 
n=l 


Area (C \ /(ID>)) = vr 


(1 — p 2)2 


2 
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We remark that /(9D) is of area zero because / is quasiconformal. Noting 
“) = C \ /(D), we thus have the relation 


(2.5) 


Area(/(D) = vr 


(1 — 


- 

n=l 


Since \d(f)\ < a.e., the Jacobian of 0 satishes the inequality 

= |00p - la/p > (1 - fc2)|00|2 > (fc-2 - i)|a0|2 = (fc-2 _ i)|a0|2. 

Hence, we obtain 

(2.6) Area0(D) = jj jj 

D D 

Next, we see from 02.41) that 

(2.7) JJ 100 ( 01 ^^^^?? = ^^ d^dr] > JJ \dij{C)\‘^ d^dp. 

B C |C|>1 

It is easy to evaluate the right-most integral above by using the expansion in 02.ip 
as follows: 


d^dr] = 7r^n|a„ 


ICI>i 


n=l 


Plugging this with 02.5p . 02. 6 p and 02.7p . we obtain 

1 


{k ^ — l)vr^n|a„|^ < vr 


n=l 


(1 — 


-E 


n\a„ 


n=l 


which yields the desired inequality. 

Finally, we analyze the equality case for 01.3p . Suppose that equality holds in 
01.3p . Then, equalities must hold both in 02.6p and in 02.7p . The equality in 02.7p 
implies that 00 = 0 on D. In other words, h = 0 is analytic on D. Therefore, 
0(C) = C/(l ~pO + ^(0- The equality in 02. 6 p means that |00/00| is the constant k 
a.e. on D. Since 00(C)/00(C) = h'{C,){l —pCY^ h implies that the analytic function 
h'{(,){!—pC,y has constant modulus k and therefore a constant a with |a| = k. Hence, 
h'(C) = Q:(1 ~pC)~^ for ICI < 1- Integrating it, we obtain h(C) = /{1 — pQ + h{fi). 
Thus, we hnally have the form 


Therefore, 


m = 

fiz) = 


c 


1 - K 
1 


-|- h(0) J- 


aC 


1 -K’ 


CeD. 


h(0) + 


a 


z e 


z — p z — p 

whose boundary values on 0D are the same as those of the meromorphic function 

1 


gi^) = 


z — p 


h(0) + 


az 


1 — pz 
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Since f{z) — g{z) is bounded analytic on f{z) is identically equal to g{z) on © 
by the maximum principle. In particular, h{0) = Oq and a = ai. Thus we have seen 
that the function / must have the form fll.41) if equality holds in fl2.7p . We need to 
show that the function / of the form fll.4l) is indeed a member of Sfc(p). We hrst 
show that / is univalent in ©. We compute 

/ zi-p Z 2 -p \ 

\l-pzi I - pz 2 )_ 

for Zi,Z 2 G D. Since 


f{zi) - f{z2) = 


Z2 - Zi 


(zi -p)iz2-p) 


/ Zi-p Z2-p \ 
\l-pZi I-PZ2) 


< |ai 


k<l 


for 2 : 1 , 2:2 G D, we see that f{zi) 7 ^ fiz 2 ) if zi 7 ^ Z 2 . Hence, / G S(p). On the other 
hand, the function in fll.Sp agrees with that in fll.4p on the boundary \z\ = 1, and 
is a composition of the Mobius transformation l/{z — p) with the /c-quasiconformal 
affine mapping w + ao + aiw. Thus we conclude that / belongs to Hfc(p). □ 


3. Proof of Theorems [2] and E] and a concluding remark 
We start with the proof of Theorem [2l 

Proof of Theorem We hrst investigate the behavior of the function u. Since 
Icd'l < k{l +p)~‘^, we have the inequality 

k 

\uj{Zi) - U{Z2)\ < - :^\Zi-Z2\, Zi, Z 2 G 3. 

{i + py 

We thus conclude that u is (uniformly) Lipschitz continuous on D. In particular, 
u extends to © continuously with the same Lipschitz constant. Also, the function 
f{z) = 1 /( 2 ; — p) + oj{z) extends to \z\ < 1 continuously. We now see that 

1 1 
zi-p Z 2 -p 
Hence, we have 

\f{Zl)- f{z2)\ > 

for ^ 1 , 2:2 G D, which proves that f{z) is univalent on \z\ < 1. 

For a while, we denote by g{z) the function appearing in the right-hand side of 
(frel) . Obviously, g{z) can be dehned in \z\ > 1 and agrees with the above f{z) on 
1 2 ;I = 1. We show now that g is fc-quasiconformal on \z\ > 1. A computation yields 

dg{z) = - - ^ and dg{z) = ^ . 

[z—pY z^ 

Hence, the complex dilatation p = dg/dg oi g satishes 

\Tiz)\ = ^^1 WiMz)\ < {1 +pY\uj'{1/z)\ <k<l 
\z\ 


Zi - Z2 


> 


©1 - Z2 


\Zl-p\\z2-p\ (I+pY 


Zi, Z2 G 
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for \z\ > 1. Since the unit circle is removable for quasiconformality (see [H p.205]), 
we conclude that g gives a fc-quasiconformal extension of /. □ 


A straightforward application of Theorem |2] yields the following sufficient condi¬ 
tion for a function / of the form fll.ljl to belong to Sfc(p). 


Corollary 2. Let 0 < p < 1 and 0 < k < 1. Suppose that a meromorphic function 
f{z) on \z\ < 1 has the form fll.ip . If 


OO 

n=l 


- (l+p) 2 ’ 


then f e Sfc(p). 


Proof. This immediately follows from Theorem |2] because 


u;\z)\ < ^ 

n=l n=l ^ 


zl < 1. 


□ 


Next we prove Theorem [31 


Proof of Theorem 131 Let / G Sfcj(p) and g G 2^2 (p) be expressed as in fll.4l) . Then 
Theorem [T] gives us 


^ ^ 771 I ^ 




(l_p2)2 


and E n\bn\^ < 


k2^ 


(l_p2)2- 


n=l ^ ^ ' n=l 

Now an application of Cauchy-Schwarz inequality together with the aforementioned 
inequalities yields 


^ ^ 'ff\0>nhri 


n=l 


'Y^{y/n\an\){y/n\hn\) 

V2 / OO 


n=l 

OO 


1/2 


< 


< 


E 

^n=l 

kik2 


man 


y^^n\bn 


vn=l 


a 


(l_p2)2 (^X-hp)^’ 

where a = kik 2 {l — p)~'^■ Since a < 1 by assumption, the desired result follows from 
Corollary [21 □ 


We conclude the present note with an outline of another proof of fll.31) based on 
Lehto’s principle (cf. [H II.3.3]) and Theorem B. Before it, we recall the dehnition 
of the complex Banach (indeed, Hilbert) space ff. This is the set of sequences x = 
{Xn}’^=i of complex numbers with the norm 


x\\i2 




1/2 


< OO. 
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It is enough to show fll.3p for functions in S°(p) only. Suppose that / G S°(p) 
is already extended to a fc-quasiconformal mapping of C and let /i be its complex 
dilatation. We remark that |p| < k a.e.in D* and /i = 0 in D. By the measurable 
Riemann mapping theorem, for each f G ©, there exists a unique quasiconformal 
mapping ft of C for which the complex dilatation is t/i/fc and ffn G S°(p). Note 
here that fk = /. Then ft has an expansion of the form 

^ OO 

ft{z) = -h 

z — p 

n=l 

in \z\ < 1. By the holomorphic dependence of the solution to the Beltrami equation, 
ttnit) is analytic in |t| < 1 for every n > 1. We now consider the sequence a{t) = 
{^/nanit)}'^^l. Theorem B tells us that ||(j(f )||£2 < 1/(1 — p^). Hence, we conclude 
that (j : D —)■ is a bounded analytic function taking values in the complex Banach 
space Since cr(0) = 0, the (generalized) Schwarz lemma yields the inequality 
||o'(^)||r 2 < |t|/(l —p^)- In particular, letting t = k gives fl 1.311 . 

We must say that this method is conceptually simpler than that of our proof in 
Section 2. However, this does not provide information about the equality case in an 
obvious manner. 

Acknowledgement: The authors thank Karl-Joachim Wirths for his suggestions 
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